In this paper we improve and generalise a result of J. Clunie by proving that if /(z) is a transcendental integral function with only zeros of order at least k + 1, then f^(z) assumes every finite non-zero complex value infinitely often. Also, the related criterion for normality of a family of holomorphic functions is given, and the value distribution of / ' + a/**' is discussed.
Hayman's conjecture [6, 7] that if / is a transcendental meromorphic function, then / / ' assumes every finite non-zero complex value infinitely often, has been proved. First, Bergweiler and Eremenko proved the conjecture for functions of finite order; and then, Bergweiler and Eremenko [1] , the author of this paper and Fang [2] , and Zalcman [18] proved the conjecture for the case of infinite order simultaneously and independently. The principal aim of the present paper is to improve and generalise this result further in the case of integral functions. We prove the following theorem.
THEOREM 1. If f(z) is a transcendental integral function with only zeros of order at least k +1, then f^k\z) assumes every Unite non-zero complex value infinitely often.
Obviously, Hayman's conjecture in the case of integral functions, which was proved by Clunie [4] many years ago, is a direct consequence of the above theorem for k = 1. In fact, if /(z) is a transcendental integral function, then {/(z)} 2 has only zeros of order ^ 2. Thus, applying Theorem 1 to {/(z)} 2 and k = 1, we see that 2/(z)/'(z) assumes every finite non-zero complex value infinitely often.
We also give a criterion for normality corresponding to Theorem 1, which is stated as follows. Besides the above theorems, we discuss the value distribution of f 2 + afW. We us the standard notation of value distribution theory [8, 14] .
YOSIDA FUNCTIONS
The method of proving Theorem 1 is to prove it for a Yosida function first and, then, to reduce the case of an arbitrary integral function to that of a Yosida function. A meromorphic function f{z) denned on the complex plane C is called a Yosida function, if its spherical derivative / * ( z ) = | / ' ( z ) | / ( l + \f{ z )\ ) is uniformly bounded on C. This notion was introduced by Yosida [17] who established some basic properties of this class of functions. For example, the order of a Yoshida function is at most two and this bound is sharp. Also, / is a Yosida function if and only if the family {f(z' + z) : z' 6 C} is normal on C. Clunie and Hayman [5] proved that the order a holomorphic Yosida function is at most 1. Minda [10] gave a precise estimate for the growth of a holomorphic Yosida function, and the proof is based on a distortion theorem for holomorphic normal functions on the unit disk, which is due to Pommerenke [13] . This fact as well as the following theorem, which reduces an arbitrary meromorphic function to a Yosida function inheriting some properties of the former, plays a key role in the proof of Theorem 1. were first proved by Pang [11] and Pang and Xue [12] respectively, in a different way.
One can obtain Theorem 3 from Theorem 4 directly. However, It remains to show that z n -> oo as n -• oo. Suppose that z nj . -> zo. Since f(z) has only zeros of order at least k, by Hurwitz' theorem, g(£) has no zero of order less than k. Thus g(£) is not a polynomial of degree less than k, and g^k\C This contradiction shows that z n -* oo as n -* oo.
PROOF OF THEOREM 1
Now, we are going to prove Theorem 1. First, we assume that /(z) is a Yosida function. Then /(z) and f^k\z) have order at most 1. Suppose that f^k\z) -a has only finitely many zeros for a finite non-zero value a. Then f^k\z) -a = p(z)e bz , where b ^ 0 is a constant and p{z) ^ 0 is a polynomial. Thus,
where, q(z), pi(z) and pi{z) are polynomials, q(z) has degree at most k -1 and P2(z) ^ 0 has the same degree as pi(z) ^ 0. Since pi(z)e bz has the Picard exceptional values 0 and oo, /(z) = az k + q(z)+pi(z)e b * must have infinitely many zeros z n -» oo, for az k + q(z) is a small function with respect to pj(z)e 6z .
According to the assumption that /(z) has only zeros of order at least k + 1, we have The proof of Theorem 2 is an application of Theorem 4. We omit it as the reasoning is almost the same as the second part of the proof of Theorem 1 for the case that / is not a Yosida function.
ZEROS OF f 2 + afW
Let g be a transcendental meromorphic function. Then a well-known result of Hayman [6] asserts that either g itself assumes every finite complex value infinitely often, or g^ assumes every finite non-zero value infinitely often for any positive integer k. As a consequence of this theorem, we have that if / is a transcendental integral function. Then f 2 + af has infinitely many zeros for any finite non-zero complex value a. In fact, for an integral function / , g = 1 / / has no zero and the zeros of g' -I/a are zeros of f 2 +af. Ye [16] , Hua and Chen [9] independently proved that this conclusion can be generalised by substituting f^ for / ' . However, this generalisation is no longer a consequence of Hayman's theorem again. Now, We shall prove the generalisation in the same way as Theorem 1 is proved. In fact, our proof produces a stronger conclusion in the case that / is not a Yosida function.
THEOREM 5 . Let f be a transcendental integral function. Then f 2 + af^ has infinitely many zeros for any finite non-zero complex number a and any positive integer k. Furthermore, if f is not a Yosida function (in particular, if f is a function of order greater than 1), then, for any finite non-zero complex number a and any positive integer k, f 2 + af( k } assumes every finite complex value infinitely often.
PROOF: First we assume that / is a Yosida function. Then / and f 2 +af^ both have order at most 1. If f 2 + a/'*' has only finitely many zeros, then we have
where p ^ 0 is a polynomial and b is a complex number. If 6 = 0, then from (1) f + »/<*> = p, and consequently
This contradicts the assumption that / is transcendental, and it is proved that Eliminating e between (1) and (2) gives (3) with 9 = Vlihp + ?') and / --2qf
By differentiating (3) k -1 times, we obtain
where, qjj are rational functions, A^ are polynomials in / ' / / , f^/f,---,f^2 k^/ / with coefficients of rational functions. Eliminating f',f^2\-• •,f^k~1^ among the above k equalities, we arrive at H. Chen [6] where h is a rational function and Ao is a polynomial like Substituting (4) Differentiating (6) gives
By eliminating e bz between (6) and (7), we have
Since B and B' are polynomials like A^ ,
To estimate m(r,g -2qg'), we note the inequality (10) \g-2qg'\^\g\(l + 2\q\ ^| ) .
If \g(z)\ > 1, then, from (8),
If \g(z)\ ^ 1, then, from (10),
It follows from (11) and (12) (13) and (9), using Jensen's formula, we have H. Chen [8] For a given finite complex value 6, the sequence of functions~ b)
uniformly converges to g 2 (C) + a 9^k\0 near the point (o-Using Hurwitz's theorem, we know that there exists a sequence of points £ n -» £o such that {/(z n + p n ( n )} 2 + a f^kKCn) -6 = 0 for n ^ n 0 . Note that z n + p n ( n -> oo. This completes the proof of Theorem 5. D
